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this description was proven to be Lorentz invariant in five dimensions.
This paper describes a geometric formulation of the 5D supergravity in
4D, N = 1 superspace. Using this new formalism, the on-shell structure
of the previous description is verified from purely superspace methods.
This geometric description provides a connection to dimensionally reduced
manifestly supersymmetric 5D supergravity.
PACS: 04.65.+e, 11.15.-q, 11.25.-w, 12.60.J
1Supported in part by National Science Foundation Grant PHY-0099544.
2gatess@wam.umd.edu
3ldw@physics.umd.edu
4ferrigno@physics.umd.edu
1 Introduction
About a decade ago, Marcus et. al. [1] advocated the utility of writing higher
dimensional supersymmetric theories in the language of 4D, N = 1 (a.k.a. “simple”)
superspace. They presented 10D super-Yang-Mills theory and studied various aspects
of its quantum behavior. This approach was more recently rediscovered by Arkani-
Hamed et. al. [2] who studied super-Yang-Mills theory in various dimensions D > 4,
for the purpose of studying the phenomenology of certain quantum effects in brane
world scenarios.
More recently, a model of linearized 5D supergravity [3] was presented within the
framework of simple superspace. The bosonic part of this theory was shown to be
the bosonic part of 5D component supergravity on-shell and represents a minimal
extension of linearized old minimal (n = −13) supergravity. This model was subse-
quently used to study gravity mediated supersymmetry breaking in the simplest 5D
brane world scenario [4]. The same scenario was investigated by other authors in
the component formalism [5] and exactly the same coefficients were obtained for the
one-loop operators in the effective action, yielding another check of the validity of the
4D, N = 1 superspace formalism.
Theories of this nature are interesting for various reasons. One such motivation is
to clarify the mechanism of dimensional reduction in superspace. While dimension-
ally reducing component results is a simple and powerful procedure, the analogue in
manifestly supersymmetric theories is not understood nearly as well. A second reason
for studying massless theories in 5D dimensions is that they are related to massive
higher spin theories in four dimensions. Lagrangian formulations of supersymmetric
massive higher spin theories in 4D have only recently been investigated [6, 7, 8], and
a formulation for all higher spins still remains an open question. It is, furthermore,
common to use lower N superfields to model higher N supersymmetry in supersym-
metric quantum field theory. For the most recent applications to quantum higher N
models see [9, 10, 11, 12, 13].
While the action principle given in [3] suffices to study the dynamics of the the-
ory, there are various unsatisfactory aspects of this presentation. An analysis of the
component projection was made to show that, after one integrates out the full set of
auxiliary fields, the bosonic sector of the theory describes linearized gravity coupled
minimally to Maxwell theory. Although component projection is straightforward, it
is cumbersome. Additionally, in Wess-Zumino gauge, the theory contains extra fields
that have the correct mass dimension to propagate. Fortunately, these extraneous
fields are not present in the on-shell Lagrangian. Furthermore, the approach of [3]
sheds little light on the problems of possible non-linear extensions of the 5D theory,
higher dimensional analogues, or curved backgrounds such as AdS5.
The aim of this report is to clarify the geometric structure of the theory presented
in [3]. As we will demonstrate, this exposition has the advantage that all claims about
the on-shell structure of the theory can be verified using solely superspace technology,
without recourse to component calculations. In particular, the unknown coefficient
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of [3] and the on-shell analysis can be obtained without resorting to component ar-
guments. We further hope that having a geometric formulation at our disposal will
expedite the development of the less trivial non-linear and higher dimensional theories.
In the future, this geometric description may be smoothly mapped into a dimension-
ally reduced geometry coming from a manifestly supersymmetric 5D geometry. The
method used to develop our geometric prescription was inspired by [14].
We organize this paper as follows. The discussion is presented in two sections.
In the first section, we present the 5D Maxwell limit of [1] where the geometric
description is easy to follow. We then proceed with the analysis of 5D linearized
supergravity. Since the method developed in this section generates a minimal set of
field strengths, the second section is devoted to building a full geometric description.
When describing manifestly 5D Lorentz covariant objects we use capital calligraphic
letters, A,B... to represent vector indices and tilde Greek letters, α˜, β˜..., to represent
spinor indices. For all dimensionally reduced 4D objects we use the notation and
conventions of [17], along with the identification a = αα˙.
2 Superspace Geometry and Dynamics
The outline of this section is the following. We start with an embedding of the
gauge fields into N = 1 superfields. With this information, we construct a set of field
strengths and work out a set of identities relating these field strengths. The next step
involves writing the equations of motion in terms of the field strengths. Finally, we
determine the propagating field strengths and show that, on-shell, these describe the
correct propagating degrees of freedom.
2.1 Super Maxwell Theory
We start with 5D super-Maxwell theory. The minimal 5D super-Maxwell theory
is a theory of three dynamical component field strengths: the vector field strength
FAB, a spinor field strength λα˜ and an additional scalar field strength ϕ. (A simple
way to see the need for this scalar is to count the physical degrees of freedom. λα˜ has
4 physical degrees of freedom and the 5D gauge vector has 3. Hence, supersymmetry
demands one more bosonic degree of freedom.) In terms of 4D variables, the vector
field strength splits into a 4D vector field strength Fa b and a 5-component Fa 5. The
spinor field λα˜ splits into two spinor field strengths λ
(±)
α where the (±) here refers to
x5 parity. We define this operation by acting on 5D spinors with projection operators
P± (thus breaking 5D Lorentz symmetry) P± :=
1
2(I ± iγ
5).
Since N = 1 superspace produces results in 4D spin-tensor notation, we need to
write the Bianchi identity and equation of motion for the vector field strength in this
notation. This analysis is useful for both Maxwell theory and supergravity, since both
have a gauge vector in their component spectra. The 4D vector field strength has the
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usual decomposition:
Fa b = ǫα˙β˙fαβ + ǫαβ f¯α˙β˙ , (2.1)
so the equation of motion ∂AFAB = 0 becomes:
∂AFA b = ∂5F5b +
1
2 ∂β
α˙f¯α˙β˙ +
1
2 ∂β˙
α fαβ = 0 , (2.2)
∂AFA5 =
1
2 ∂
aF5a = 0 , (2.3)
and the Bianchi identity, ∂[AFBC] = 0, takes the form
∂[5Fbc] = ǫβ˙γ˙(2∂5fβγ − ∂(γ
γ˙F5β)γ˙) + c.c. = 0 , (2.4)
∂[aFbc] = ǫβγǫα˙(β˙δγ˙)
σ˙(∂α
δ˙f¯σ˙δ˙ − ∂σ˙
δfδα) + c.c. = 0 . (2.5)
The simple superspace embedding of the gauge potentials goes as follows. The
4D piece of the vector potential and the (+) piece of the 5D spinor are embedded
in a real scalar superfield, V . The (−) piece of the 5D spinor, the fifth component
of the vector, and the scalar are all contained in a chiral scalar field, Φ. The gauge
transformations are:
δV = − i2(Λ− Λ¯) , δΦ = ∂5Λ , D¯α˙Λ = 0 . (2.6)
In a Wess-Zumino gauge, it is easy to see that these gauge transformations contain
the correct component transformation laws. There are two obvious field strengths:
Wα := −
1
4D¯
2DαV , F := −
i
2(Φ− Φ¯)− ∂5V . (2.7)
The first field strength is the usual 4D Maxwell field strength, while the second is the
field strength of a 4D gauge super 0-form [15] covariantized to five dimensions. With
these definitions we have the following identities:
DαWα − D¯α˙W¯
α˙ = 0 , (2.8)
∂5Wα −
1
4D¯
2DαF = 0 , (2.9)
Noting the mass dimension of these field strengths, we are led uniquely to the
following Lagrangian (density):
L =
1
2
∫
d2θW αWα +
a
2
∫
d4θ F 2 . (2.10)
Here a is an unknown real coefficient. Since the two terms in this Lagrangian are
separately invariant, the gauge invariance does not allow us to fix this coefficient,
rather, it is 5D Lorentz invariance which uniquely determines a. Previously, the
only approach to fix a was to perform the component projection of the Lagrangian
(2.10), integrate out the auxiliary fields and assemble the bosonic components into
the 5D kinetic term FABF
AB, which can be done correctly iff a = 2. Although the
component analysis here is straightforward, it becomes increasingly awkward for more
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complicated theories. One of the main points of this paper is to give a procedure for
fixing this coefficient (and similar ones encountered in more complicated theories)
using superspace arguments, thereby avoiding a much more complicated component
analysis.
Our procedure involves putting the field strengths on-shell by implementing the
superspace equations of motion. Once on-shell, we can show that the components of
the field strengths form representations of the 5D Poincare´ algebra for only one value
of a. The equations of motion are:
δS
δV
= −DαWα + a∂5F = 0 , (2.11)
δS
δΦ
=
i
8
aD¯2F = 0 . (2.12)
The second equation implies that F is a linear superfield, D2F = 0. To determine
the coefficient a we take 18D¯
2Dα on (2.11) and use the identity (2.9):
0 = 18D¯
2Dα(−D
βWβ + a∂5F )
= Wα +
a
8∂5D¯
2DαF
= ( + a2∂
2
5)Wα .
(2.13)
Here we see that forWα to be a non-trivial representation of the 5D Poincare´ algebra,
we must set a = 2. It is only for this value that the 5D d’Alembertian appears in the
final result in (2.13). The attentive reader may obtain a sense of uneasiness at this
result. After all, a 5D spinor should obey a 5D Dirac equation that is the “square
root” of 5D d’Alembertian. This issue is easily rendered a moot point as we show
below.
With the free parameter fixed, we proceed to prove that the components of the
field strengths obey the correct 5D equations of motion. We can see that the low-
est component of F propagates appropriately to describe a 5D massless scalar by
contracting 12D
α on (2.9) and substituting (2.11):
0 = 12D
α
(
∂5Wα −
1
4D¯
2DαF
)
= 12∂5D
αWα + F
= ( + ∂25)F .
(2.14)
So, the lowest component of F is the scalar degree of freedom ϕ. The spinor compo-
nent DαF | should be λ−α so we look for the 5D Dirac equation. If we take
1
2D¯α˙ on
(2.11) we get the desired result:
0 = 12 D¯α˙(−D
αWα + 2∂5F )
= − i∂aW
α + ∂5D¯α˙F .
(2.15)
To see why this is the appropriate result, we may approach this issue from a different
viewpoint. A massless 5D spinor λα must obey the 5D Dirac equation 0 = iγ
A ∂A λ
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and upon multiplying by −P− we find
0 = − iP− γ
A ∂A λ = − i P− γ
a ∂a λ − iP− γ
5 ∂5 λ
0 = − i γa ∂a P+ λ + ∂5 P− λ
0 = − i γa ∂a λ
(+) + ∂5 λ
(−) ,
(2.16)
and hence the two parts of the 5D spinor reside in two different 4D, N = 1 superfields.
To find the vector field strength, we note that the identity (2.9) looks similar to
the Bianchi identity (2.4) after symmetrizing5 with − i2Dβ :
0 = − i 12 ∂5D(βWα) +
i
4D(βD¯
2Dα)F
= − i12 ∂5D(βWα) +
1
4 ∂(α
α˙[Dβ), D¯α˙]F .
(2.17)
Also, the superfield equation of motion (2.11) looks similar to the 5D Maxwell equa-
tion (2.2) under 12 [Dα, D¯α˙]:
0 = 12 , [Dα, D¯α˙](−D
αWα + 2∂5F )
= i12∂α˙
βD(βWα) + i
1
2 ∂α
β˙D¯(β˙W¯α˙) + ∂5[Dα, D¯α˙]F
(2.18)
Here we have used (2.8) twice. From the (2.17) and (2.18), we can read off the
component definitions for the vector field strength. The list of all component field
strengths is
fαβ = −i
1
2D(βWα)| F5a = −
1
2 [Dα, D¯α˙]F | ,
λ(+)α = Wα| λ
(−)
α = D¯α˙F | ,
ϕ = F | . (2.19)
Since F is a linear field, it has no other components. Also, the component DαWα| is
related to F | by (2.11) and is, therefore, not a separate degree of freedom.
This concludes the description of 5D Maxwell theory. We have shown that the
arbitrary coefficient a can be fixed using standard superspace representation theory
without resorting to component analysis. We have also shown that the theory de-
scribes the dynamics of a vector field strength, a scalar and a spinor in five dimensions.
2.2 Linearized Supergravity
Armed with the preceding analysis of super-Maxell theory in five dimensions,
we now follow the steps described above for the case of the minimal extension of lin-
earized old minimal supergravity to five dimensions. The 5D supergravity component
spectrum is comprised of three dynamical field strengths: the Weyl tensor CABCD, the
curl of the gravitino fABγ˜ , and the photon field strength FAB. We wish to verify that
5We adhere to the convention T(αβ) := Tαβ + Tβα which differs from the convention of [17] by a
normalization factor.
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the description of 5D supergravity in simple superspace given in [3] describes the
dynamics of only these degrees of freedom. To begin, we rewrite the field strengths in
4D spin-tensor notation. We will carefully count the dimension of the representations
of each piece of the field strengths to make sure that we do not miss anything when
translating to 4D notation.
The Weyl tensor has the same symmetries as the curvature tensor. It is also
completely traceless in five dimensions:
0 = ηACCABC D = η
acCaB cD + η
55C5B 5 C . (2.20)
This means that the 4D trace of Ca b c d is −Ca 5 c 5 and not a separate dynamical field
strength. Further, Ca b c 5 and Ca 5 c 5 are both 4D traceless. We have the usual result
for the spinor decomposition of Ca b c d = 21 ⊖ 10 ⊖ 1 ∼= 5 ⊕ 5¯ = Cαβγδ ⊕ C¯α˙β˙γ˙δ˙.
Since Ca 5 b 5 is symmetric and traceless we have: Ca 5 b 5 = 10 ⊖ 1 ∼= 3 ⊗ 3¯ = Cαβα˙β˙.
Since Ca b c 5 is traceless we find: Ca b c 5 = 6 ⊗ 4 ⊖ 4 ⊖ 4 ∼= (4¯ ⊗ 2) ⊕ (4 ⊗ 2¯) =
C¯α˙β˙γ˙δ ⊕ Cαβγδ˙. The 10 subtraction from Ca b c d and the 4 subtraction from Ca b c 5
account for the condition C[AB C D] = 0 inherited from the Riemann tensor in the
presence of a metric.
The decomposition of the curl of the gravitino goes as follows. First, fABγ˜ is
gamma traceless in five dimensions:
0 = (γA)α˜
β˜fABβ˜ = (γ
a)α˜
β˜faBβ˜ + (γ
5)α˜
β˜f5Bβ˜ . (2.21)
This means that there are (10 ⊗ 4) ⊖ (5 ⊗ 4) = 20 complex degrees of freedom.
Using the basis:
(γa)α˜
β˜ =
(
0 (σa)αβ˙
(σ˜a)α˙β 0
)
, (γ5)α˜
β˜ =
(
iI 0
0 −iI
)
, (2.22)
for the 5D gamma matrices, we see that f
(+)
a 5β and f
(−)
a 5β are 4D sigma traceless. Fur-
ther, f
(±)
a 5β is the 4D sigma trace of f
(∓)
a b γ˙. This last results means that we have the
usual decomposition for f
(±)
a b γ and we must decompose f
(±)
5 b γ in terms of 4D irreducible
spin tensors. Thus, the curl of the gravitino is described by:
fabγ˜ = (6 ⊗ 4) ⊖ (5 ⊗ 4) ∼= 4 ⊕ 4¯ = f
(+)
αβγ ⊕ f
(−)
α˙β˙γ˙
,
f5aγ˜ = (4 ⊗ 4)− 4 ∼= (3 ⊗ 2¯) ⊕ (3¯ ⊗ 2) = f
(−)
αβγ˙ ⊕ f
(+)
α˙β˙γ
. (2.23)
Note that the spin tensors have a total of 20 complex degrees of freedom.
We have just demonstrated that the SL(2,C) decomposition of the 5D on-shell
supergravity multiplet is given by the following set of 4D irreducible spin tensors
Cαβγδ , Cαβα˙γ˙ , Cαβγδ˙ ,
f
(+)
αβγ , f
(−)
αβγ˙ , f
(+)
α˙β˙γ
, f
(−)
α˙β˙γ˙
,
fαβ , Fa5 . (2.24)
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We now take the theory presented in [3], and show that, on-shell, it describes only
these field strengths. As in the Maxwell theory, we will use the gauge transformations
to construct field strengths. Then, we present some identities that relate the various
field strengths. Finally, we will put the theory on-shell and determine the propagating
degrees of freedom.
The 5D supergravity presented in [3] is described by four prepotential superfields:
a real vector valued superfield Ha = H¯a, a real scalar superfield P = P¯ , an uncon-
strained spinor superfield Ψα, and a chiral scalar T . P is a potential for a chiral
compensator Σ. The latter is therefore not the chiral compensator of old minimal
supergravity. Instead this form of the minimal off-shell 4D, N = 1 supergravity is a
variant formulation of the theory wherein one of the usual spin-0 auxiliary fields is
replaced by the field strength of a 3-form6 : Σ = −14D¯
2P . The gauge transformations
of these fields are:
δHa = D¯α˙Lα −DαL¯α˙ ; δP = D
αLα + D¯α˙L¯
α˙ ,
δΨα = ∂5Lα −
1
4DαΩ−
i
4D¯
2DαL ; δT = ∂5Ω . (2.25)
Here Lα is the unconstrained gauge parameter superfield familiar from all 4D super-
gravity theories, Ω is a chiral superfield, and L = L¯ is a real superfield. (The L term
was discovered after the submission of [3]. Although it seems to play an important
role in theories in dimensions higher than five, it’s existence does not affect any of
the conclusions reached in the aforementioned reference.) In a Wess-Zumino gauge,
the 4D graviton and (+)-gravitino are contained in Ha. The 4D gauge vector, metric
vector component ga 5, the (−)-gravitino and (−)-“gaugino”, Ψ
(−)
5α , are all components
of Ψα. The scalars A5 and g55 and the (+)-gaugino Ψ
(+)
5α are components of T . Un-
fortunately, there are other components which have the correct mass dimension to
propagate and which can not be set to zero in Wess-Zumino gauge, viz. the vector
component of P and the 2-form component of Ψα. Proving that these fields do not
represent propagating degrees of freedom is one of the motivations for this study.
We can now construct the field strengths associated with the gauge prepotentials.
Three field strengths are inherited from old minimal supergravity in 4D:
Wαβγ := i
1
8·3!D¯
2D(α∂β
α˙Hγ)α˙ ,
Ga :=
1
8D
βD¯2DβHa −
1
24 [Dα, D¯α˙][Dβ, D¯β˙]H
b
− 12∂a∂bH
b + i12∂a(D¯
2 −D2)P
R := − 112D¯
2
(
−14D
2P + i∂aH
a
)
.
(2.26)
The last two equations are the equations of motion ofHa and P from 4D supergravity.
This suggests the existence of fields strengths which correspond to the 5D corrections
to these equations of motion:
G′a := −2∂
2
5Ha + 2∂5
(
D¯α˙Ψα −DαΨ¯α˙
)
− i∂a
(
T − T¯
)
(2.27)
R′ := ∂25P − ∂5
(
DαΨα + D¯α˙Ψ¯
α˙
)
− 14
(
D2T + D¯2T¯
)
. (2.28)
6This formulation of minimal off-shell 4D, N = 1 supergravity was first suggested in 1980 [16].
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We should also look for something that could be the equation of motion for Ψα.
Taking a combination similar to the kinetic terms for a gravitino multiplet leads us
to:
λα :=
(
1
2D
2 + 2D¯2
)
Ψα −
(
DαD¯α˙ + 2D¯α˙Dα
)
Ψ¯α˙
+ Dα∂5P + 2 ∂5D¯
α˙Ha .
(2.29)
Similarly to Wαβγ, we find the following three field strengths which can not be equa-
tions of motion because of their index structure and mass dimension:
Fαβ := ∂(α
α˙
[
D¯α˙Ψβ) −Dβ)Ψ¯α˙ − ∂5Hβ)α˙
]
(2.30)
F ′αβ := D¯
α˙D(α
[
D¯α˙Ψβ) − ∂5Hβ)α˙
]
(2.31)
F ′′αβ := i∂(α
α˙
[
D¯α˙Ψβ) +Dβ)Ψ¯α˙ + 2∂5Hβ)α˙
]
+ 12∂5[D(α, D¯
α˙]Hβ)α˙ + D¯
2D(αΨβ)(2.32)
These nine field strengths form a fundamental set in the sense that any other field
strength can be written as some combination of supercovariant derivatives on them.
The question of finding the complete set, will be addressed in the last section of this
paper.
Similar to Maxwell theory, these field strengths satisfy certain identities. We
found many and here we present them in three groups. These groups are based on
how many degrees of freedom the identity removes on-shell. The first group we call
the “algebraic identities”. These identities relate field strengths algebraically and
therefore remove the most degrees of freedom off-shell.
Algebraic Identities:
iFαβ − F
′
αβ + F
′′
αβ = 0 (2.33)
4iFαβ + 2F
′
αβ −D(αλβ) = 0 (2.34)
The second group of identities we call “representation reducing”. These identities
imply, with the use of the equations of motion, that certain field strengths become
linear or chiral superfields on-shell.
Representation Reducing Identities:
D¯α˙R = 0 (2.35)
D¯α˙Ga −DαR = 0 (2.36)
D¯α˙G′a −DαR
′ + ∂5λα = 0 (2.37)
2DβF ′αβ −
(
D2 + D¯2
)
λα −
(
DαD¯α˙ + 2D¯α˙Dα
)
λ¯α˙ = 0 (2.38)
D¯2Ga + 4i∂aR = 0 (2.39)
D¯2Fαβ +
i
4D¯
2D(αλβ) = 0 (2.40)
−14D¯
2Dαλα + 12c∂5R = 0 (2.41)
−12c∂25R + D¯
2
(
1
4D
2R′ + i2∂
aG′a
)
= 0 (2.42)
Finally, we have the “dynamical” identities. After using the first two sets of identities,
the dynamical identities and the equations of motion imply the correct equations of
motion on the propagating field strengths.
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Dynamical Identities:
D¯α˙Wαβγ = 0 (2.43)
DαWαβγ − i
1
2∂(β
α˙Gγ)α˙ = 0 (2.44)
∂(α
α˙G′β)α˙ − 2∂5Fαβ = 0 (2.45)
D¯α˙D(αG
′
β)α˙ − 2∂5F
′
αβ = 0 (2.46)
∂βα˙Fαβ − ∂α
β˙F¯α˙β˙ = 0 (2.47)
−14D¯
2D(αFβγ) + i 24 ∂5Wαβγ = 0 (2.48)
∂25Ga +
[
1
4∂5
(
1
6 [Dα, D¯α˙] + i∂a
)
Dβλβ + h.c.
]
+ 116D
βD¯2DβG
′
a = 0 (2.49)
1
8D
βD¯α˙F
′
αβ + ∂5
(
1
24 [Dα, D¯α˙] +
i
4∂a
)
Dβλβ
+∂5Ga +
1
32DαD¯
2λ¯α˙ + c.c. = 0 (2.50)
Note that in Maxwell theory, we had no algebraic identities. There were two rep-
resentation reducing identities, (2.8) and D¯α˙Wα = 0, and one dynamical identity
(2.9).
As usual in supergravity, none of the field strengths have the correct mass dimen-
sion to appear quadratically in the Lagrangian that describes a Poincare´ supergravity
action. We can almost construct a gauge invariant Lagrangian by contracting the field
strengths with the prepotentials that have the same index structure. Using this pro-
cedure, we arrive at the gauge invariant Lagrangian density given by [3]:
L = L0 + cL1 , (2.51)
where
L0 = −
1
2
∫
d4θ
{
HaGa + P (R+ R¯)
}
, (2.52)
is simply the Lagrangian density for linearized old minimal supergravity [17] and7
L1 =
1
2
∫
d4θ
{
HaG′a + PR
′ − (Ψαλα + Ψ¯α˙λ¯
α˙)
−(T − T¯ )
[
(Σ− Σ¯)− i∂aH
a
]}
. (2.53)
As in Maxwell theory, there is a free parameter c that can not be fixed using gauge
invariance. It was claimed in [3] that, after component projection and integration of
auxiliary fields, the value c = −12 yields a 5D Lorentz invariant theory. We will leave
this coefficient arbitrary and show that standard superspace techniques reproduce
this result with far greater efficiency.
The equations of motion in conjunction with the identities given above will imply
that only the 5D Weyl tensor, curl of the gravitino and photon propagate. The
7It is possible to write the last line of L1 in terms of a prepotential for T and the field
strength R, resulting in a contribution similar to the last term in (2.52).
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equations of motion resulting from the dynamical system (2.51) are given by:
δS
δHa
= −Ga + cG
′
a = 0 , (2.54)
δS
δP
= −
(
R + R¯
)
+ cR′ = 0 , (2.55)
δS
δΨα
= λα = 0 , (2.56)
δS
δT
= 3cR = 0 . (2.57)
The three equations of motion (2.55-2.57) and the algebraic identities imply that, on-
shell, the only independent non-zero field strengths are {Wαβγ , Ga, Fαβ}8. We proceed
to study the consequences of the representation reducing identities. From (2.36) we
see that Ga is transverse linear on-shell:
D¯α˙Ga = 0 ⇒ D
αGa = D
2Ga = D¯
2Ga = ∂
aGa = 0 . (2.58)
The two identities (2.38) and (2.40) imply that Fαβ is also transverse linear on-shell:
D¯2Fαβ = 0 ,
DαFαβ = 0 ⇒ D
2Fαβ = 0 . (2.59)
Note that 4D massive superfields that satisfy (2.58) or (2.59) would have superspin-32
[7, 17]. We leave the investigation of the connection to massive 4D gauge theories to
a future publication. The remaining representation reducing identities are automati-
cally satisfied on-shell and contain no further information.
After using all algebraic and representation reducing identities and three equations
of motion, we are left with the chiral field strength, Wαβγ , and the two transverse
linear field strengths, Ga and Fαβ . Using the equation of motion for Ha, (2.54), and
the dynamical identities, we will now show that this theory describes the correct
propagating field strengths. We begin by fixing the coefficient c. To do this we look
for an equation that produces the 5D d’Alembertian on one of these field strengths.
By differentiating (2.54) and using (2.44), (2.45), and (2.48) we find:
i
8 · 3!
D¯2D(α∂β
β˙(−Gγ)β˙ + cG
′
γ)β˙
) =
(
− 2c∂25
)
Wαβγ = 0 . (2.60)
If Wαβγ is to be a non-trivial representation of the 5D Poincare´ algebra, we must take
c = −12 . Thus, the free parameter c has been fixed without resorting to a component
analysis. We now turn our attention to finding the correct equations of motion for
all propagating field strengths.
Starting with the lowest dimension field strengths which correspond to the vector
gauge field, we look for the analog of the Maxwell equations (2.2) and (2.3) and the
Bianchi identities (2.4) and (2.5). The Bianchi identities are identical to the dynamical
8
Fαβ is the analog of the matter gravitino Weyl tensor denoted by Wαβ in the work of reference
[14].
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identities (2.45) and (2.47) if we set Fαβ| = fαβ and Ga| = −
1
2F5a. With these
definitions (2.3) is satisfied by the representation reducing identities. The equation of
motion (2.2) can be obtained by taking −2∂5 on (2.54), using the dynamical identity
(2.50) to substitute F ′αβ terms for ∂5Ga, and then substituting the algebraic identity
(2.34):
2∂5(Ga +
1
2G
′
a )| = −
1
16D
βD¯α˙F
′
αβ | +
1
16D¯
β˙DαF¯
′
α˙β˙
| + ∂5G
′
a|
= 12∂α˙
βfαβ +
1
2∂α
β˙ f¯α˙β˙ + ∂5F5a .
(2.61)
Thus, we have shown that the lowest components of Fαβ and Ga satisfy the correct
equations to be a spin-1 representation of the 5D Poincare´ algebra. These means that
we have shown that both Fαβ and Ga vanish under the 5D d’Alembertian.
The remaining on-shell field strengths Wαβγ , Fαβ , and Ga all obey the 5D wave
equation, thus, all of their components do as well. The remaining independent com-
ponents are
Cαβγδ := D(αWβγδ)| , Cαβγα˙ :=
1
2 [D(α, D¯α˙]Fβγ)| ,
Cαβα˙β˙ :=
1
2 [D(β , D¯(β˙]Gα)α˙)| ,
f
(+)
αβγ := Wαβγ | , f
(−)
αβα˙ := D(αGβ)α˙| ,
f¯
(−)
αβγ := D(αFβγ)| , f¯
(+)
αβα˙ := D¯α˙Fαβ | ,
Fa5 := Ga| , fαβ := Fαβ | . (2.62)
Since Fαβ and Ga are transverse linear superfields, these are the only components we
can obtain from these field strengths. Further, DαWαβγ is proportional to ∂(α
α˙Gβ)α˙
and is not an independent propagating field strength. Thus, the propagating field
strengths are in one to one correspondence with (2.24), on-shell.
We would like to point out a hint about higher dimensional theories that is appar-
ent from this discussion. All higher dimensional extensions of minimal supergravity
will share the 4D metric and gravitino structure that occurs in five dimensions. The
main difference will be the “matter fields” which are necessary for supersymmetry in
extra dimensions. For example, in 6D, one requires a self dual 3-form field strength.
Therefore, we expect to see field strengths just like Ga and Fαβ except that they will
obey the correct equations to describe a 6D self dual 3-form. In this way, the matter
sectors will prove to be the best guide to constructing the gauge transformations of
the prepotentials, and subsequently, the gauge invariant actions in higher dimensions.
This concludes our on-shell analysis. In the final section we will discuss how to
construct a closed and complete extension of these field strengths.
3 Toward Extended Geometry
To touch base with a full 5D super geometric description, let us recall the logic
that we would use in such a construction. First, a set of constraints are imposed on
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the algebra of covariant derivatives. When constraints are set, the Bianchi identities
imply that the torsions, curvatures and gauge field strengths are related by differen-
tial equations. This means three things. The first is that a set of tensors are set to
zero identically. Second, a set of tensors are now the higher components of a more
fundamental set. Finally, the tensors in the fundamental set are constrained in var-
ious ways. These constraints are then solved by writing the fundamental super-field
strengths as covariant derivatives acting on unconstrained prepotentials. The prepo-
tentials describe the fundamental gauge degrees of freedom and are used to construct
actions. In supersymmetric theories in dimensions higher than 4, the final step in
this procedure, that of finding prepotential solutions to constraint equations, is not
well understood.
In the previous section, we examined the on-shell component field strength con-
tent of the 5D vector multiplet and minimal supergravity. This analysis was based
on a fundamental set of field strengths we will call G: GVM = {Wα, F} , GSG =
{Wαβγ , Ga, G′a, Fαβ , F
′
αβ , F
′′
αβ , R, R
′, λα}. The higher components of these field
strengths were related to each other by identities much like the usual Bianchi identi-
ties that would come from a complete geometrical formulation. This structure mimics
that of a constrained super geometry as discussed in the previous paragraph. Thus,
the similarity of our identities to Bianchi identities means that there may be a way
to connect this formalism to the dimensional reduction of a standard manifestly 5D
supersymmetric formulation. In this section, we wish to expand the fundamental set
of field strengths to arrive at a set of field strengths that close under all combinations
of covariant derivatives much like the usual Bianchi identities. From the perspective
of the previous section, this procedure will seem redundant. We take the view point
that our field strengths are a partial solution of the fully supersymmetric 5D Bianchi
identities, and that our prepotentials are the full solution. If this can be corroborated
in the future, then we have found a way to solve higher dimensional supersymmetric
constraint equations.
We will give a complete description of the method we use for extending the geom-
etry for super Maxwell theory. This description includes a list of Bianchi identities
which can be interpreted as a dimensional reduction of manifestly supersymmetric 5D
super Maxwell theory. The same description for supergravity is rather cumbersome
and is not presented in this discussion.
Consider a fundamental set of field strengths G. We want to complete this set. By
a complete set of field strength tensors we mean any set with the property that any
tensor in the theory can be constructed from the fields in the set and their spacetime
derivatives. To find a completion of G, we proceed by defining the derived set Ĝ by
taking fermionic covariant derivatives of the fields in G. In doing so, any time we find
a field which cannot be written as an element of G or its spacetime derivatives, we
give it name and add it to Ĝ. Ĝ has a finite number of elements since the fermionic
derivatives will eventually collapse into spacetime derivative or to zero.
We now apply this method to GVM. We begin the construction of the derived set
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by starting with the chiral spinor field strength. There are two derived field strengths:
fαβ := − i
1
2D(αWβ) , d := −
1
4D
αWα −
1
4D¯α˙W¯
α˙ . (3.1)
Here we note that because of the identity (2.8), the derived field strength χ¯α :=
−14D
2Wα is the spacetime derivative of Wα. The second fundamental field strength
F is an unconstrained superfield. This leads us to three derived field strengths:
ψα := DαF , M¯ := −
1
4D
2F , Va =
1
2 [Dα, D¯α˙]F . (3.2)
The identity (2.9) implies that the other two derived field strengths ηα := −
1
4D¯
2DαF
and D := 132{D
2, D¯2}F are again spacetime derivatives of previously defined field
strengths.
The full derived set is ĜVM := {fαβ , d, ψα, M¯ , Va}. To see that GVM ∪ ĜVM is a
complete set of field strength tensors for 5D super-Maxwell, we will show that every
combination of spinor derivatives acting on the union is a linear combination of space-
time derivatives of the union. We believe that these identities are the dimensionally
reduced Bianchi identities and we will present them using the standard organization
based on mass dimension. We also include in this list of identities any reality or chi-
rality conditions, since these types of conditions come out of supergeometries quite
frequently.
Dimension-1
F − F¯ = 0 (3.3)
Dimension-32
DαF = ψα (3.4)
Dimension-2
Dαψβ = − 2εαβM¯ , D¯α˙ψα = Va − i∂aF , Va − V¯a = 0 ,
DαWβ = iFαβ − 2εαβd , D¯α˙Wα = 0 , d − d¯ = 0 . (3.5)
Dimension-52
DαM¯ = 0 , DαM = i∂aψ¯
α˙ − ∂5Wα , D¯β˙Va = 2εβ˙α˙∂5Wα − i∂aψ¯β˙ ,
DγFαβ = 2iεγ(α∂β)β˙W¯
β˙ , D¯γ˙Fαβ = − i2 ∂(α
γ˙Wβ) , Dαd = i
1
2∂aW¯
α˙ . (3.6)
Thus, we have shown that GVM∪ĜVM is a closed set. We would like to note in passing
that most of the Bianchi identities (3.3-3.6) vanish when the theory is taken on-shell.
All of the non-trivial information is contained in GVM and the two identities (2.8) and
(2.9).
We now turn to the linearized supergravity model. Although we will not give the
complete set of field strengths and Bianchi identities, we will discuss the complexity
of the supergravity theory. As before, we begin with the fundamental set GSG. Let us
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contemplate the completion ĜSG. Since Wαβγ and R are chiral, they only contribute
three fields each to ĜSG. However, R, G and G
′ are real, unconstrained and λ, F , and
F ′ are complex, unconstrained superfields and they contribute 3 × 6 and 3 × 9 field
strengths respectively. This brings the number of (reducible) elements in Ĝ to about
50. This number will grow significantly upon performing the Lorentz decompositions.
The number of Bianchi identities is roughly 6 to 9 times the number of field strengths
in the completed set. This is of the correct order of magnitude to be equivalent to
a dimensional reduction of a manifestly supersymmetric geometric description of 5D
supergravity. We would like to emphasize that the majority of the field strengths
and Bianchi identities would vanish on-shell, leaving only the fundamental set and
the related identities. It is interesting to see the difference in magnitude between
the number of off-shell and on-shell Bianchi identities. This means that in higher
dimensions we must be extremely careful when setting constraints, since so many
field strengths vanish on-shell, incorrectly constraining one field strength to zero may
put the entire algebra on-shell.
4 Conclusions
We have presented theN = 1 superspace geometry of 5D super-Maxwell theory and
linearized supergravity. The theories were taken on-shell and the correct propagating
component field strengths were found. Further, we have shown that it is possible
to extend the fundamental set of field strengths to a complete set, which can be
interpreted as the dimensional reduction of a manifestly 5D supersymmetric geometry.
In the future, we believe that explicit dimensional reduction will be shown to coincide
with these geometries.
The most useful information that has been obtained from this analysis for super-
gravity, is the central role of the 5D vector field strength. In any supergravity written
in terms of N = 1 superfields, the 4D graviton and gravitino will always be embed-
ded in a chiral irreducible rank three spin-tensor Wαβγ . So, this part of the geometry
is standard. In higher dimensions, some other bosonic matter fields are required to
complete the supersymmetry. The matter field strengths will have the lowest mass
dimension of all the propagating field strengths in the theory. Thus, the superspace
identities that the corresponding super-field strengths satisfy must take the same form
as the higher dimensional component Bianchi identities. This is exactly the case for
5D, where the component Bianchi identities (2.4) and (2.5) had the same form as the
dynamical identities (2.45) and (2.47). We can now make some non-trivial statements
about higher dimensional supergravity theories. For example, in 6D the matter field
strength is a self-dual 3-form. In 4D notation, this reduces to a vector field and a
2-form. Although this is the same tensor structure of the 5D vector field strength,
the Bianchi identities are completely different. For the vector piece of the 6D 3-form
field strength, one of the Bianchi identities is ∂aGa = 0. This is the equation defining
an axial vector super-field strength. This is an off-shell requirement. The only 4D
supergravity that has this type of structure is new-minimal supergravity [19]. Thus,
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we propose that 6D supergravity in N = 1 superfields must look like new-minimal 4D
supergravity coupled through ∂5 and ∂6 to matter. One of those matter superfields
is likely to be the gauge 3-form multiplet, but with the wrong sign for its kinectic
energy.
One reason this rather unusual formulation of 4D, N = 1 supergravity is likely
to emerge from a 3-brane in a 6D theory is that such a construction could take
advantage of a “spin-0 to spin-0 Higgs mechanism” which allows the auxiliary 2-form
of new minimal supergravity to propagate. This mechanism was shown to exist in [20]
when new-minimal supergravity is coupled to chiral matter. The mechanism permits
the auxiliary 2-form of new minimal supergravity to “eat” a pseudo scalar field in
the 3-form multiplet and thereby become physical. This is necessary in order that
the physical axion (presumably arising from superstring/M-theory) should appear as
a propagating state on the three brane.
A new-minimal/3-form compensator supergravity theory would possess some rather
unique signatures;
(a.) It allows for a dilaton potential (albeit of a very restricted form),
(b.) It possess a propagating axion in the form of a skew-symmetric
2-form, appropriate for implementation of the Green-Schwarz
mechanism,
(c.) The auxiliary fields are S, Aa and Ca b c, where Ca b c may be
interpreted as the only remnant of 11D supergravity
(i.e. M-theory),
(d.) In the absence of supersymmetry breaking there is a local U(1)
symmetry for which Aa is the gauge field.
Conceptually, the work in [3] presents an interesting question. Explicitly stated
the question is “How does the geometry of a higher dimensional superspace respond
to the presence of a brane?” To our knowledge, this question has not been answered
previously. All the preliminary evidence that we have found in the present work,
suggests that a complete set of 5D, N = 1 superspace torsions and curvatures can
likely be expressed in terms of the non-linear extensions of the set of objects in GSG.
We expect that this type of reasoning will facilitate the development of extensions
of this theory to higher dimensions, different backgrounds and to higher orders in
fluctuations.
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“Hm...I’m not sure we wanna pay for a dimension we’re not gonna use.”
Fry, Futurama
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